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The motion of a vortex ring under gravity is considered. A system of 
equations defining the motion is derived, with allowance for turbulent 
mixing and adiabatic expansion. The case of a small  density difference 
between the ring and the surrounding medium is considered. A numeri -  
cal solution is presented for an explosion ring in an inhomogeneous 
atmosphere.  Results are compared with experiment  and with published 
theories. 

Various natural and artificial processes give rise to vortex rings 
in which the core differs in density from the surrounding medium.  
Cloud studies and special experiments have shown that convection 
resulting from upthrust consists to a large extent  of more or less iso- 
lated masses of rising air mixing with the surrounding medium.  The 
air within the rising volume circulates much  as in a vortex ring [1]. 

Explosives (including nuclear weapons) produce a fireball that 
moves upward in the form of a cloud and almost at once becomes a 
vortex ring. This is clear from photographs [2, 8] and films of nuclear 
explosions. It is very important to know the motion of the cloud in 
a nuclear explosion, since the radioactive products represent a hazard 
to man.  A similar effect may  occur in a reactor accident .  

Here I consider r.heoretieally the motion of a vortex ring under 
gravity for cases simulating meteorological  phenomena (when the 
density difference between outside and inside of the cloud is small) 
and explosions (density difference large). The scheme is one proposed 
by Khristianovich in 1954. 

,F 

F3 

F i g ,  1 

In an explosion, after the shock wave has escaped, there remains 
a fireball, which starts to rise when it has ceased to expand. The 
rising gas is very rapidly transformed to a vortex ring. The max imum 
upward speed is reached within a few seconds; then the speed falls, 
and ul t imately the gas ceases to rise. The cloud is acted on by wind 
and disperses by diffusion. The horizontal dimensions of the ring in-  
crease as it rises, the rotation ceases, and the cloud acquires a flat- 

toned form. If the explosion occurs at the surface, the rise is accom-  
panied by the formation and rise of a dust column,  the whole taking 
on a mushroom-like appearance [4]. 

The main  upward force F~ is explained by Archimedes '  principle 
(density difference). The friction produced by the motion gives rise 
to turbulent mixing and vortex circulation. The sphere flattens as it 
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rises, since the pressure at the front and rear cri t ical  points is in-  
creased relative to the atmospheric pressure, whereas that on the 
equator is reduced. The rising gas eventually becomes a infold, with- 
in which the air rotates around the horizontal axiaI line, while out- 
side it forms a circulation flow. 

The circulation gives rise to a force F z perpendicular m the direc- 
tion of motion of a ring e lement .  The horizontal component  of this 
force extends the ring laterally, while the vertical  component  opposes 

the rise of the ring. 
Because of flow breakaway on the rear side of a ring e lement ,  

the latter is acted on by a resistance force F s directed against the 

velocity vector (Fig. 1). 
The air in the ring is very hot  at the start of the rise (it has been 

taken as 3000 ~ in the calculations),  but this is reduced by adiabatic 
expansion since atmospheric pressure decreases with altitude, and due 
to turbulence the hot  gas mixes with the surrounding cold air. Cooling 
by thermal emission can be neglected at such temperatures,  since 
the radiation mean  free path is much greater than the size of the 

cloud. 
The mixing of the core with the surrounding air reduces the angu- 

lar velocity of the air in the core, and this involves a reduction in 
the circulation of the external flow, which reduces F~. The hori-  
zontal speed of a ring e lement  is reduced by the friction produced by 

the outside air. 
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The following assumptions are made in discussing the rise of a 
vortex ring: 

1. The pressure within the ring equals the outside air pressure, 
and adiabatic expansion occurs during ascent. 

2. All quantities within the ring (density, temperature, speed, 
etc. ) are identical throughout the cross section, and any changes 
with height occur instantaneously throughout the ring. 
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t '  = t ' +  ~" = 20t} 
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0.5t 0.87 

3. Turbulent mixing of the hot air with the cold outer air occurs 
at the surface of the ring. as in a turbulent jet. 

4. The motion of an element in a vortex ring is considered as the 
motion of a circular cylinder, 

5. The pressure and temperature in the atmosphere are distribu- 
ted in accordance with the International Standard Atmosphere and 
with the results of measurements for great heights [5]. 

The results can be used in discussing the motion of the cloud formed 
in an explosion. 

The effects are qualitatively the same as in the fall of a small 
volume of a liquid of slightly different density [1]. The experimental 
results will be used to determine the values of the parameters govern- 
ing the equations describing the motion of a vortex ring. 
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NOTATION 

p, p, T--density, pressure, and temperature, respectively, of the 
air in the ring; 

Pz, P~, Tz--same for the atmosphere; 
~--ratio of air densities inside and outside the ring; 
0--potential temperature; 
R--radius of the axial line of the toroid; 
r-radius of cross-section of toroid; 
W-volume of toroid; 
S-area  of the side surface of a ring element; 
S,--area of the middle section of a ring element; 
M--mass of air in the vortex ring; 
Mr--additional mass of the toroid in transient motion; 
v--rate of ascent of the toroid; 
n--speed of horizontal motion of a ring element; 
V--speed of ring element; 
Cx--resistance coefficient; 
a-entertainment factor in turbulent mixing; 
F--circulation of external flow around the ring; 
vi--lnductive velocity of ring (steady-state velocity of a ring un- 

perturbed by external forces); 
g--acceleration due to gravity; 
q--TNT equivalent (tons) of explosion; 
aQ--radius of the fireball at start of rise of cloud; 
H--height of rise of the axial line of the ring; 
H+--height of rise of the upper edge of the ring; 

d--vertical dimension of the ring; 
D--horizontal dimension of the ring; 
+ 

t --time to attain maximum height; 
~--ratio of specific hears; 

:<--1 

; = p _ r l  o=T~[P_~ 'H+=H+,, 
Pl T ' kPa J 

D = 2 (B -t- r), g = c..~, M1 ~ plW, Re -- 2rV . 
C v "q 

w 1. D E R I V A T I O N  OF E Q U A T I O N S  

E q u a t i o n  of  m o t i o n .  T h e  r a t e  of c h a n g e  of  m o m e n -  
t u m  f o r  t h e  r i n g  a n d  s u r r o u n d i n g  a i r  ( t h e  l a t t e r  in -  

c o r p o r a t e d  v i a  Ms) i s  e q u a l  to  t h e  s u m  of F i, F2, a n d  
Fa; 

F2 = Pl V F R d %  Fa = 1]~C~IV2S1 �9 

P r o j e c t i o n  of t he  v e c t o r  e q u a t i o n  on  t h e  h o r i z o n t a l  

a n d  v e r t i c a l  d i r e c t i o n s  g i v e s  us  t he  e q u a t i o n s  of m o -  

tO 
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t i o n  of t h e  r i n g :  

a) v e r t i c a l  p r o j e c t i o n  

d Iv (M + M01 = 

= gWp1(1--O--2~ptFRu'c-~plvV ; ( 1 .1 )  

b) h o r i z o n t a l  p r o j e c t i o n  

{ iu(M + : 1)1 = 2 p,rv - 1ol v (1.2) 

H e a t - b a l a n c e  e q u a t i o n .  C o n s i d e r  the  h e a t  b a l a n c e  

w h i l e  t h e  h e i g h t  of t he  c l o u d  c h a n g e s  by  dH [8] .  T h e  

a i r  t e m p e r a t u r e  i s  T(p) a t  a h e i g h t  w h e r e  t he  p r e s -  

s u r e  i s  p and  t he  c l o u d  h a s  m a s s  M. T h e  p r e s s u r e  i s  

p + dp  a t  h e i g h t  H + dH. If t h e r e  w e r e  no  m i x i n g  w i t h  

t he  s u r r o u n d i n g  a i r ,  t h e  t e m p e r a t u r e  i n  t h e  c l o u d  wou ld  

b e c o m e  

r ~r - -  l dp] T (p) 1 t + - 7 -  u J 

owing  to a d i a b a t i c  e x p a n s i o n ;  b u t  t h e  c l o u d  e n t r a i n s  a 
m a s s  d M  d u r i n g  t h i s  t i m e .  We a s s i g n  a l l  t h e  e n t r a i n e d  

m a s s  to  t he  l e v e l  p + dp.  The  t o t a l  h e a t  c o n t e n t  of t he  
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mixed  m a s s  should be equal  to the sum of the hea t  
conten ts  of the in i t ia l  and en t r a ined  m a s s e s .  We ne -  
g lec t  quan t i t i e s  of the second o r d e r  of s m a l l n e s s  and 
a l so  the d i f f e rence  in the va lues  of the spec i f i c  hea t s  
to get  

dT dT~ d~ ~ - -  i ? __ (1 dM 
. . . .  ;) --~ �9 (L. 3) T T~ ~ u 

Mixing with cold  a i r .  Turbu len t  mix ing  o c c u r s  at 
the su r f ace ,  which is c o n s i d e r e d  v ia  a r e l a t i on  be -  
tween the e n t r a i n m e n t  r a t e ,  the r ing  speed,  and the 
a i r  dens i t i e s .  This  r e l a t ion  takes  a f o r m  s i m i l a r  to 
that  fo r  mix ing  of a gas  je t  with a m e d i u m  of a di f -  
f e r e n t  dens i ty  [9, 10]. If V is the speed  at the axis  of 
the je t ,  whe re  the a i r  dens i ty  is  p, and if the dens i ty  
of the su r round ing  a i r  is  p�94 the e n t r a i n m e n t  r a t e  is  
v ~ = ~ V ( p / p l ) l / z  . This g ives  us the r a t e  of m a s s  e n t r a i n -  

men t  in the a r e a  S as 

Ini t ia l  condi t ions .  The equat ions  a r e  to be in te -  
g r a t ed  f r o m  t 0, the t ime  when the v o r t e x  r ing  f o r m s ,  

when v = v 0 and F = F 0 can be r e l a t e d  by equat ing v0 + 
+ v i to the ve loc i ty  induced by a v o r t e x  f i l amen t  of 
r ad ius  R 0 on the plane of the r ing:  

Vo = ro /2Ro - -  v~ ~ 0.64 F o / a  o . 

At t0 we a l so  have ~0 = 0 .1 ,  u 0 = 0, and equal  vol -  
u m e s  fo r  sphere  and to ro id ,  so R 0 = r0 = 0.596a0. We 
a s s u m e  that  up to t i m e  to the cloud r i s e s  only in r e -  
sponse  to g r av i t y  and that  ~ r e m a i n s  cons tan t  dur ing  
this  t i m e ,  while  M 1 equa l s  the va lue  f o r  the to ro id ,  

and so 

to ---- 0.7870V~-o/g, Ho = 0.257o~ao, 

Vo = r o / ~ o g - ~  , 

d M  ] dt  = c tVS  (pp~)'/, . 

In our  p rob l em we a s s u m e  that  

I dM 2mV (1 4) 
M dt ~ - ' ~  " 

Ci rcu l a t i on  equation~ F is d e t e r m i n e d  by the angu-  
l a r  ve loc i ty  within the to ro id ,  which d e c r e a s e s  due 

to en t r a imnen t ;  d i s c r e p a n c y  be tween  F and the an-  
gular  ve loc i ty  causes  eddy b reakaway ,  which a l t e r s  
F. 

The angula r  m o m e n t u m  of an e l emen t  of length Rd 

is ( (MF/r ) /4) ( r td~p) /2) ,  on the a s sumpt ion  of con-  

stant angular  ve loc i ty  in the to ro id .  This  is a l t e r ed  
by the f r i c t i ona l  to rque ,  which depends on the m o -  
m e n t u m  t r a n s f e r  by mixing .  We a s s u m e  a l i n e a r  
r e l a t i on  be tween  F and the  angula r  ve loc i ty ,  so that  
to rque  is  dependent  on the en t r a inmen t  ra te ,  on V, 

and on F. D imens iona l  a r g u m e n t s  give 

c o n s t ~  r = const 2 ~ a v  ( ~ R r  rdcp , 

which r e s e m b l e s  the f r i c t i ona l  to rque  fo r  a ro ta t ing  
sol id cy l i nde r  in a flow of l iquid [11], so the equat ion 
fo r  F is 

dr / dt = - -  ~ 2~rv/r  V~. (1.5) 

The cons tant  is  to be d e t e r m i n e d  by c o m p a r i s o n  
with e x p e r i m e n t .  To ( 1 . 1 ) - ( 1 . 5 )  we add 

u = d R / d t ,  v + v ~ = d H / d t  , (1.6) 

M = pl~2~x~r~R, 

in which T0 is the d i m e n s i o n l e s s  c i r cu l a t i on .  
The equat ions  and in i t ia l  condi t ions  can be put in 

d i m e n s i o n l e s s  f o r m ,  with the fo l lowing c h a r a c t e r i s t i c  
quan t i t i e s :  a 0 fo r  length ,  (a0g) 1/2 f o r  ve loc i ty ,  and 
( a o / g ) l / 2  for t ime .  Then 

t '  -= t r 
V ~ 7 7 '  ~ = ~  etc.  

This  a 0 e n t e r s  the equa t ions  as  a coe f f i c i en t  f o r  d in 0/ 
/ dH,  whose magni tude  d e t e r m i n e s  the s tab i l i ty  of the 
s t r a t i f i c a t i o n  in the a t m o s p h e r e ;  if th is  is ze ro  (homo- 
geneous  or  ad iabat ic  a t m o s p h e r e ) ,  the phenomena  
would have  sca le  s i m i l a r i t y ,  but th is  is  not a r e a l i s t i c  
c a s e ,  s ince  then max  H ~ ~. If d l n 0 / d H  > 0, max  H 
is  f in i te ,  but t he re  is no s i m i l a r i t y .  The l a r g e r  a0, 
the m o r e  impor t an t  the t e r m s  conta in ing g rad i en t s  in 
Pl, Pl, and T~. These  t e r m s  a re  sma l l  at the s t a r t  
of the mot ion ,  so app rox ima te  s i m i l a r i t y  with r e s p e c t  
to a 0 should ex i s t  at that  s tage .  These  t e r m s  a r e  m o s t  
impor t an t  at the end of the a scen t  and define max  H. 

The solut ion is  dependent  on ~ ,  p ,  and Y0. E x p e r i -  
men t s  on turbulent  mix ing  of j e t s  [12, 13] show that 
l i e s  in the range  0.03 to 0.08; the va lue  a = 0.055 was 
used h e r e .  The o r d e r  of Y0 can be d e t e r m i n e d  by con-  
s i de r ing  the in i t ia l  mot ion of a hot sphe re .  

Cons ide r  an e l e m e n t a r y  s ec to r .  The m o m e n t u m  
r e l a t i v e  to the axis  of the v o r t e x  wil l  be  a f fec ted  by 
the su r f ace  f r i c t ion .  We take the shape of the vo lume  

and the speed of the ex te rna l  f low as c o r r e s p o n d i n g  
to to, s ince  the speed is g r e a t e s t  at th is  ins tant ,  and 
so the f r i c t i o n  m a k e s  the g r e a t e s t  con t r ibu t ion  to p r o -  
ducing the c i r cu l a t i on .  We use (1.5) and the r e l a t i on  

be tween  v 0 andy0 to get  

F 3 l ' / '  {( I  -_ ~) ] f~ ' / '  
70=  L8n4.4(o.64)2aj ~ lq-~ ] " 

Th is  g ives  us a s y s t e m  of equat ions  fo r  v,  u, R, r ,  
H, F, and ~, which c h a r a c t e r i z e  the mot ion of a v o r -  
tex r ing.  

Now Y0 = 0.55 f o r  ~ = 0.1, which c o r r e s p o n d s  to a 
ro ta t iona l  speed of s e v e r a l  m / s e c  fo r  the a i r  in the 
c o r e ,  which is  qui te  r e a s o n a b l e .  We adopt the above 
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f o r m  f o r  t he  r e l a t i o n  b e t w e e n  ~/0 and ~ ,  wi th  t he  c o n -  
s t an t  to be  d e t e r m i n e d  by  e x p e r i m e n t :  

q _ ~,% V, 
ro = r* h---4q) ~ (1. s) 

If the  d e n s i t y  d i f f e r e n c e  i s  s m a l l ,  the  r e s u l t  a g r e e s  
w i t h  tha t  of S c o r e r  [1]. The  v a l u e  f o r  ~ i s  a l s o  to be  
d e t e r m i n e d  f r o m  e x p e r i m e n t ;  fl = +1 c o r r e s p o n d s  to  
c o n s t a n t  m o m e n t u m ,  w h i l e  fl = 0 c o r r e s p o n d s  to c o n -  
s t an t  c i r c u l a t i o n .  

D 
I 

tO 10 ~ tO s tO ~ 

F i g .  4 

We t h e r e f o r e  h a v e  the  f o l l o w i n g  s y s t e m  of e q u a -  
t i o n s :  

dr' 1 - - ~  Tu" v'V'[  C,  2~r ] 
dT = 1 + ~ # (t + ~) (r')~ r'  L# (t + ~) 4- 4- 

v' d~ , du' yv' 

u'V" F Cx . 2a q u' d~ 

dT 2a~"(V" 
d t ' - -  r '  ]/'-~' 

dr' 2 Lr' V"~ ; dt" R'  V ~ ao 

dr---- 7 .~- ~ + v'  ao ,, r  - a - ~ j ,  

dH" : v" + vi ' ,  dR" ~. u, .  V '  .~- 
~t---7 - ~  . / ( u ' ?  + (u') ~, 

V( = &--~R, E]n 8~," 41 12 In (8R'/r'> -- 15 ( ~ , ) ' ] 3 2  (1.9) 

wi th  the  i n i t i a l  c o n d i t i o n s  

to' = 0.787"0, H 0 ' =  0.25T0~+ h0', Vo' 0 64 �9 q'0 ) 

u0'---- 0, R 0 ' =  ro '=  0.596, ~0 = 0A . 

w 2. S M A L L  D E N S I T Y  D I F F E R E N C E .  R E S U L T S  O F  
[1] 

A s o l u t i o n  of g r e a t e r  d e n s i t y  i s  d r o p p e d  f r o m  a cup 
into a v e s s e l  c o n t a i n i n g  w a t e r ;  t h i s  s o l u t i o n  i s  r a p i d l y  
t r a n s f o r m e d  to a v o r t e x  r i n g .  A f t e r  the  r i n g  had t r a v -  
e l e d  a d i s t a n c e  r o u g h l y  equa l  to ha l f  t he  d i a m e t e r  of  
the  cup  ( d i a m e t e r  7.62 c m ) ,  the m o t i o n  b e c a m e  s l o w e r  
and m e a s u r e m e n t s  w e r e  m a d e  on t h i s  p a r t  of the  m o -  

t ion .  D u r i n g  th i s  t i m e ,  the  d e n s i t y  d i f f e r e n c e  in m o s t  
c a s e s  was  l e s s  than  5%, and by the  end of the  m o t i o n  
had f a l l e n  to 0.1%. A d i s t a n c e  of  107 c m  w a s  c o v e r e d  
in 5 - 3 0  s e c ,  in a c c o r d a n c e  wi th  the  d e n s i t y  d i f f e r -  

e n o e .  The  m o t i o n  w a s  e n t i r e l y  t u r b u l e n t  and w a s  in -  
d e p e n d e n t  of t he  v i s c o s i t y .  The  f o l l o w i n g  r e l a t i o n -  
s h i p s  w e r e  d e r i v e d  and c o n f i r m e d  by e x p e r i m e n t :  

k, (/Z')' = r (~ - ~o)V,, 

~ H ' + = ~ / ~ D ' n ,  v = C  [* /~gD(1 - -~ ) ]v , .  (2 .1)  

H e r e  t he  c o n s t a n t  k 1 ~ 0.09,  wh i l e  n r e m a i n s  c o n -  
s t an t  d u r i n g  the  m o t i o n  (it  was  found tha t  n i n c r e a s e d  
s y s t e m a t i c a l l y  wi th  1 - ~0), and C = 1.2. 

Solu t ion  of t he  e q u a t i o n s .  The  g e n e r a l  e q u a t i o n s  
g i v e  the  f o l l o w i n g  f o r  a h o m o g e n e o u s  l iqu id  in a s u r -  
r o u n d i n g  m e d i u m :  

[(1 - -  ~) ~o7~ ( 2 . 2 )  W ( I - - ~ )  = const, T = T o  [(i--~o)~j " 

T h e s e  a r e  u s e d  wi th  (1.8) and the  s y m b o l s  1 - ~ = 
= A and A / A 0  = x to w r i t e  the e q u a t i o n s  in the f o r m  

d V '~ t 
dx Ao (2 - -  Aox)x 

• ( 2 . 3 )  

d u '  1 

dx ~ -~" 2 (2 -- hoZ) x ~ --  hoX 

~*(~-- Ao)'+'<_:, ,o'~__' =2 I 
~aro" (2 -- Ao) % r'V" (t - -  Aox)~J ' 

(2 .4)  

2 _d/,_o,? = • ( ~ / ~  _ I ,, 
3 d x \ r ' ]  z ~r ' /  2a i~--~o~'V ~ ' 

(2 .5)  

dH' r 0' r '  ~)' 

----- 2ax ]/'l ----~--h~oX r0' V" ' 

d to' V ' ~  r' 
d-~ [ r  ] f ~ ]  = - 2~x yl---cx~0~ v' ~ ' 

•" (ro'12 1 
- W = k T )  u 

and the  i n i t i a l  c o n d i t i o n s  a s  

R"  r" 
x % 1 ,  .~o, = ~o, = 1, 

v" (1 --  ao) v' 
H ' = t ' = a ' = O ,  ~o/. = 0.64 ~ =  Ao)V, 

(2.6) 

The a p p r o x i m a t e  b e h a v i o r  f o r  x ~ 0 i s  c o n s i d e r e d  
in o r d e r  to d e t e r m i n e  the  d e p e n d e n c e  on the  p a r a m -  

e t e r s .  The  l e f t  p a r t s  in ( 2 . 3 ) - ( 2 . 5 )  a r e  n e g l e c t e d  

( n u m e r i c a l  e s t i m a t e s  show tha t  t h i s  i s  j u s t i f i e d ) ,  and 
it  i s  a l s o  a s s u m e d  tha t  v '  = V ' .  T h e n  

." ~ -~ ) tBv / "  R' / t v/. 

B = 4ur (ro') s (2 - Ao) (Cx + 4u=) 
(T,)~ (1 _ Ao)V~ (,+4~) 
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W e  u s e  t h e s e  r e l a t i o n s  t o  i n t e g r a t e  t h e  f o l l o w i n g  

t w o  e q u a t i o n s :  

3ro' [ B \V, 

t ' ,~"~ arc [ Y~' / . fc~ + 4=,~'J. 

H e r e  H ~ i s  o n l y  s l i g h t l y  d e p e n d e n t  o n  c~. F o r  n w e  

g e t  

H" + r" __ 6ga  (ro') s (C x + 4ga) (2 - -  ho) 
n = ~ ( l  + 2~) ~* 0 - -  no) 'z' a ,~ )~?~  

T h u s  n i n c r e a s e s  a s  x d e c r e a s e s ,  b u t  t h e  m a i n  m o -  

t i o n  o f  t h e  r i n g  i n v o l v e s  o n l y  a f a i r l y  s m a l l  c h a n g e  i n  

x n e a r  0 . 0 1  ( a s  f o u n d  b y  n u m e r i c a l  c a l c u l a t i o n ) ,  s o  n 

i s  a l m o s t  c o n s t a n t  o v e r  m u c h  o f  t h e  p a t h .  T h e  d e p e n -  

d e n c e  o f  n o n  A0 i s  i m p o r t a n t ,  f f  n o i s  t h e  v a l u e  c o r -  

r e s p o n d i n g  to  A 0 = 0,  w e  h a v e  

n 2 - -  A o  

no 2 (1 - -  Ao) V' (1+4~) ' 

i .  e . ,  n / n  o i n c r e a s e s  m o n o t o n i c a l l y  w i t h  A0 .  A l s o ,  

t ' ( A 0 ) i / 2 ( H 9  - z  i s  n o t  c o n s t a n t  f o r  fi ~ 0,  b u t  i t  v a r i e s  

l i t t l e  o v e r  m u c h  o f  t h e  p a t h .  

4m~176 = 0 .25Eo 
3(• 

The radius a 0 [m] is given [16] as a function of the 

TNT equivalent q by 

v~ 
io  (3. Ii a o ~  

i n  w h i c h  P00 i s  t h e  a t m o s p h e r i c  p r e s s u r e  a t  s e a  l e v e l  

( 7 6 0  m m  Hg)  a n d  P0 i s  t h e  p r e s s u r e  a t  t h e  d e t o n a t i o n  

h e i g h t  h o. 

I/o 
/./+ o 

o 

t6 

/ " - - - -  o a]/o 
O Z ~ g 8 

Fig. 5 

The case g = 0 corresponds to y = constant, when (2.1) is strictly 
obtained, but n does not depend on A~. There is little change in F 
over much of the path over which measurements  are made.  

The case ~ = 1 corresponds to conservation of momen tum,  when 
n varies too greatly with A 0. Calculations for A0 "" 0 have been com-  
pared with experiment  to give B = +0.2 and y* = 0 .4 .  Table 1 gives 
the numerical  solution for these values of the parameters.  More de- 
tailed data are needed in order to obtain more accurate values of the 
parameters, but only AoWo is given by Scorer [1]. If it is assumed that 
the volume of the liquid equals that of the cup, then a 0 = 3 cm.  
Calculation shews that the motion of the ring becomes slower after a 
distance of 9 cm (1.2 t imes the cup diameter) ,  while experiment 
gave this distance as 1.5 t imes the diameter .  The solution to the 
equations gives v = 1 .3  (gr A)i/2 , which agrees well with (2.3). The 
t ime taken to move a distance of 107 cm was 

6 --A012 ]'I' 

which gives 10-60 sec for A0 between 0 .4  and 0.01.  
These results show that this scheme gives a good description of the 

observations. Values of B and 7* were derived from those experiments 
that can be applied to large rings with substantial density differences. 
Here allowance must  be made for the dependence of the resistance 
coefficient on the Reynolds number.  The model experiments e m -  
ployed Cx = 1.2,  since the number R was 10s-10 ~, whereas C x = 0 .4  
for the cloud from a nuclear explosion, since R > 10 ~ [12]. 

w 3. SPHERE RADIUS AS A FUNCTION OF EXPLO- 

SION ENERGY 

The heat energy received by the gas in the sphere 

can be calculated from results for a point explosion 

with allowance for the counterpressure [14]. Approxi- 

mately one-third of the energy liberated by the ex- 

plosion is emitted in the form of radiation [15]. The 

energy in the sphere at the start of the ascent is about 

one-fourth of the total explosion energy. The volume 

is 

w 4. RESULTS FOR THE STANDARD ATMOSPHERE 

Figure 2 gives the t' dependence of H' - h'0, D', 

and v' for various q at h' 0 = 0. Conversion to dimen- 

sional terms should be made via the above expres- 

sions and the dependence of a 0 on q. The solutions 

for various q are not similar because the atmosphere 

is not vertically homogeneous. The dimensionless 

height of ascent decreases as a 0 increases because a 

given H' corresponds to greater heights, and hence 

to lower pressures and greater adiabatic expansion, 

so the upward force for large a o decreases more rapidly 

as H' increases, and max H' is reduced. The height 

of ascent in km increases with q; Fig. 3 shows max H 
as a function of q. The curves of Fig. 2 allow one 

to judge the similarity in the behavior of H', D', and 

v' as functions of t' in the initial part of the motion. 

The similarity tends to be lost as t' increases, and 

it applies to a narrower range of q. 
A notable feature is the increase in lateral spread 

with q after attainment of max H. An element of the 

ring loses horizontal momentum less rapidly as it 
enters layers of lower density, and the lateral spread 
becomes more pronounced. Table 2 gives results on 

this spread. 
The max H for the center of the cloud exceeds the 

level at which the densities inside and outside the 
cloud are equal (equilibrium level HI), and this ex- 

cess height AH = H - H i increases with q (Table 3). 
The oscillations of these large masses of air set 

up internal waves in the atmosphere [17, 18]. The in- 

ertia carries the cloud beyond H I , which leads to 

damped oscillations about H i with a period 

2~ 
�9 r.--. [ x - 2 g d l n O - d H  / t Isecl. 
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T h i s  f o r m u l a  i s  d e r i v e d  f r o m  the  e q u a t i o n s  f o r  t h e  

m o t i o n  n e a r  Hi ,  in  w h i c h  w e  c a n  t ake  v '  and  1 - ~ a s  

s m a l l  and  n e g l e c t  t he  l a t e r a l  e x p a n s i o n .  T h e n  �9 i s  

d e p e n d e n t  on Hi,  and  t h e  d e p e n d e n c e  f o r  t h e  a t m o -  

s p h e r e  u s e d  in  t h e  c a l c u l a t i o n s  i s  a s  f o l l o w s  : 

Hx = 0--1t 1t--25 30 40 45 krn 
=780--750 417 380 405 4 t5  s e re .  

The t i m e  t+ t a k e n  to  r e a c h  m a x  H v a r i e s  a s  f o l l o w s  
w i t h  q: 

q = i0~ i04 ios toe t o n s  
t+ -~ 480 465 340 260 s e e .  

A p p r o x i m a t e  r e l a t i o n  f o r  m a x  H. We a s s u m e  tha t  

v '  = V and  2 (~ / r '  = c o n s t  on the  b a s i s  of n u m e r i c a l  

c a l c u l a t i o n s ,  w h i c h  show tha t  the  f i r s t  a s s u m p t i o n  i s  

o b e y e d  c l o s e l y .  T h e n  the  e q u a t i o n s  f o r  H' and  ~ g ive  

dH'd~ [(t  ~, ~'h 2~ - -  o d In 01-1 
- -  --- - -  ~ )  ~ Fr ~- ga0--d-ff-J ' 

as the rise of a sphere of hot air of a certain radius (this to be found 
by experiment or calculation), since the air at the top of the col- 
umn is hottest and runs ahead of the rest of the column. The heat- 
ing is inversely dependent on h0 for q = const. Temperatures mea- 
sured as a function of h0 may be used as initial data in integrating 
a system of equations similar to that describing the rise of the fire- 
ball. This shows that the column will catch up with the cloud for 
h 0 > h i. Photographs show [2,3] that the dust column does not link 
up with the fireball for a long time. 

w 6. COMPARISON WITH P U B L I S H E D  DATA 

The  l i t e r a t u r e  [ 1 9 - 2 3 ]  g i v e s  two m e t h o d s  f o r  d e t e r -  

m i n i n g  H m a  x.  Sut ton  and  M a c h t a  a s s u m e  t h a t  the  r i s e  

of the  f i r e b a l l  i s  p r o d u c e d  by  F 1, wh i l e  c o o l i n g  o c c u r s  

by a d i a b a t i c  e x p a n s i o n  and m i x i n g  w i t h  the  s u r r o u n d -  

ing  a i r ,  i n e r t i a  and  c i r c u l a t i o n  in  t he  c loud  b e i n g  n e -  

g l e e t e d .  T h e s e  s t u d i e s  d e a l  only  wi th  the  m a x i m u m  

h e i g h t  r e a c h e d ,  t he  e q u i l i b r i u m  l e v e l  b e i n g  t a k e n  as  

t ha t  h e i g h t .  M o r t o n  e t  a l .  [24] a l s o  c o n s i d e r  t he  c loud ,  

w i t h  a l l o w a n c e  f o r  o s c i l l a t i o n s  a s  we l l  a s  c o o l i n g ,  bu t  

w i t h o u t  i n c o r p o r a t i o n  of the  c i r c u l a t i o n .  Sut ton g i v e s  

the solution being max H = 0.665 q0.27s k m .  

B ' ~ . ~  l n [  (1+ V'~)( l--  t z ~  ] 
(I -- g~--l/4aor'a-adlnO/dH)(t -t- )/~o) ' 

s i n c e  we  c a n  n e g l e c t  1 /4  a0r ' c~- ld  In 0/dH r e l a t i v e  to  

un i ty .  A l though  the  e x a c t  s o l u t i o n  i n d i c a t e s  t ha t  the  

c loud  r e a c h e s  m a x  H f o r  ~ > 1 and  o s c i l l a t e s  abou t  

H l, we a s s u m e  tha t  ~max  = 1. T h e n  the  a p p r o x i m a t e  

e x p r e s s i o n  f o r  the  m a x i m u m  h e i g h t  r e a c h e d  by  the  

c e n t e r  of t he  c loud  a s  a f u n c t i o n  of t he  s i z e  of the  f i r e -  

ba l l  i s  a s  f o l l o w s :  

T h i s  f o r m u l a  c a n  be  u s e d  up to  11 k m ,  s i n c e  it a s -  

s u m e s  a l i n e a r  d e p e n d e n c e  of the  p o t e n t i a l  t e m p e r a -  

t u r e  on  t h e  h e i g h t ,  w h i c h  i s  so  f o r  t h i s  r a n g e  of 
h e i g h t s .  The  r e s u l t s  a g r e e  w e l l  w i t h  S u t t o n ' s  f o r m u l a  

f o r  q f r o m  0.1 to  10 ~ t o n s .  M a c h t a  g i v e s  

max H 

=(~  ~M\-I" ' dU[(AO)o.. ~_ {~__dil-ld~O]~ 

H~ax ~ a  lu I (~ + ~r'-7~o~g0/~HJ (4.1) 

An atmosphere with more stable stratification 
(larger dln 0/dH) gives a lower height. The depen- 
dence on ~0 is not very pronounced. 

However, ~max does differ from unity (and the 
more so, the greater q), so we should use a relation 
in which the coefficients are determined by numerical 
calculation: 

H m a x  ~ l l a o  In 57__50 . ( 4  2 )  
a0 

w 5. DUST COLUMN 

A nuclear explosion produces a layer of dust near the ground and 
a rising dust column at the epicenter [4]. The size and type of mo- 
tion of the column are dependent on q and h0. Here the rise of the 
top of the dust column is discussed qualitatively. 

The upper layer of the ground is vaporized by the thermal radia- 
tion, and the resulting layer of dust-laden air is further heated by 
the radiation. The temperature distribution in this layer peaks at 
the epicenter. The temperature at the epicenter and the radial rate 
of decrease are dependent on q and h 0 . This gives a rising current at 
the epicenter, and hence, a dust column. The air gradually cools by 
expansion and turbulent mixing, and the rate of rise decreases. An 
explosion at ground level means that the rise of the fireball affects 
that of the dust column, but this effect is small if h0 > a 0. 

The motion of the head of the column may be considered to a 
first approximation in isolation from that of the rest of the column 

This formula has the structure of the approximate 
formula (4.1), but Machta does not give an explicit 
dependence on q, and so he erroneously states that 
the application of the formula is restricted. This error 
has been corrected [25], and the q-dependence has 
been given for 5 �9 103 to 106 tons for various distri- 
butions of the potential temperature (tropics, middle 
latitudes), as well as experimental evidence on the 
diameter and vertical size as functions of q. It is 
stated that the cloud spreads sideways after reach- 
ing max H to an extent that increases with q, and also 
that the cloud ceases to rise after 4-6 rain. 

Figure 3 compares the results for max H derived 
from Sutton's formula (filled circles) with Machta's 
curve i and with curve 2 derived here; the open cir- 
cles are experimental values [15, 26]. The present 
results agree well with those of [25] for q of 102 to 
3 �9 106 tons. The vertical lines at q of 2 �9 104, 106, 
and 8 �9 106 tons indicate the vertical dimensions of 
the cloud. Observations qualitatively confirm the 
predicted change in vertical size with q (curve 4), 
but the values are only half the observed ones [25] 
(curves 3). The discrepancy may arise because the 
calculation scheme is oversimplified, in particular 
by assuming uniformity of all quantities throughout 
the cloud. 

Figure 4 shows the horizontal size D (km) [25] 
(curve 2) at the instant when max H is reached, where- 
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as  ca l cu l a t i on  for  l a t e r a l  expans ion  (curve  3) g ives  a 
d i f f e r en t  r e s u l t  (curve  4). The fol lowing r e s u l t s  have 
been  pub l i shed  [27]: a t h e r m o n u c l e a r  dev ice  of y ie ld  
8 �9 106 tons  (on 1 N o v e m b e r  1952) gave a c loud that  
r o s e  to a he ight  of 25 m i l e s  (40 km).  The c a l c u l a t i o n s  
ind ica te  that  q = 107 tons  would cause  the c e n t e r  of the 
c loud to r i s e  to 37 km. 

F i g u r e  5 shows H+(t) (height  in kin,  t in rain) fo r  q 
of 2 �9 104 and 10 G tons f r o m  c a l c u l a t i o n  ( so l id  l ines )  
and e x p e r i m e n t  [15, 26], i . e . ,  the r e s u l t s  for  max  H 
for  q f r o m  0.1 to 107 torts a g r e e  s a t i s f a c t o r i l y  with 
pub l i shed  va lues .  

I am indeb ted  to S. A. K h r i s t i a n o v i c h  fo r  d i r e c t i o n  
in th is  work  and to V. I. Kozhevnikov fo r  p e r f o r m -  
ing the compu ta t i ons .  
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